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Abstract
It is well-known that in order to make the action well defined, one
may employ different kinds of boundary conditions (BCs) accompa-
nied by the appropriate Gibbons-Hawking-York (GHY) terms. In this
paper we investigate the role of the selected BC and the corresponding
GHY terms on the black hole (BH) entropy. Our result shows, regard-
less of the kind of BC, the BH entropy in all cases is the same as one
obtained under Dirichlet BC from Wald formula or semi-classical ap-
proximation method. We considered the Schwarzschild solution for
f(R)-gravity and general relativity (GR) in standard dimensions as
special models.
1 Introduction
There are two known methods for finding black hole (BH) entropy for a given
solution of the equations of motion in a gravitational theory, i.e. the Wald
method [1, 2, 3, 4] and the Euclidean semi-classical approximation [5, 6].
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The Wald method is based on calculating an integral over the bifurcation
two-sphere surface, where the integrand comes from the Lagrangian density
[7]. Under certain conditions, such as Dirichlet boundary conditions (BCs),
the Wald method leads to the famous result of Bekenstein-Hawking [8]. To
obtain Wald formula it is necessary to make the action well-defined, under
certain BCs. In the Euclidean semi-classical approximation, one calculates
the difference between the Euclidean action for a given solution and an ap-
propriate background metric. In this way one obtains the partition function,
the free energy, and the entropy of the solution. As with the Wald method,
the action should support a well-defined variational principle in the Euclidean
semi-classical approximation method as well [9].
It is well-known that the surface integrals generated by variation of the
action in a gravitational theory cannot be omitted simply by imposing BCs.
It is necessary to supplement the action by adding appropriate Gibbons-
Hawking-York (GHY) terms [6, 10, 11, 12]. These terms play an important
role in calculation of the BH entropy [13, 14, 15, 16]. However, the GHY
terms take different forms under different BCs; Dirichlet BCs are not the
only ones required to make the action principal well-defined. One may use
some other BCs such as Neumann or mixed BC, accompanied by appropriate
GHY terms.
These issues are particularly pertinent in theories of gravity that are
higher order in curvature. The Wald method has been used in deriving BH
entropy in modified gravity models such as f(R)-gravity [17, 18] and higher
curvature gravity under Dirichlet BCs [5, 19, 20]. More generally, to make the
variational principle well-defined in a higher order Lagrangian, one must first
render the Lagrangian degenerate. Some Lagrangians, such as the Einstein-
Hilbert Lagrangian, are automatically degenerate (i.e. we can write them
as the sum of quadratic parts in the first order derivatives of metric and a
total derivative term). However others, like the f(R)-gravity Lagrangian, are
not [21]. These latter cases can be made degenerate via the Ostrogradsky
approach [11]. In the Wald and semi-classical approximation methods we
will consider this important point in what follows.
The question then arises as to what happens to BH entropy under different
BCs as well as different GHY terms. In this paper we follow the program of
Wald and the Euclidean semi-classical approximation to find the BH entropy
for asymptotically flat theories. We expect physically that the entropy should
be the same under different BCs and our results indeed show that the origin
of BH entropy is the same in all cases.
Amongst the many higher-curvature theories available, we shall concen-
trate our attention on f(R)-gravity. This is partly because f(R)-gravity
provides an important example of the arbitrariness in choice of BCs [9, 11];
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indeed, in some cases no GHY term is even necessary. More generally, f(R)-
gravity is the simplest class of higher-curvature theories of gravity that have
been of physical interest in recent years [22, 23, 24], particularly in cosmol-
ogy, where they have been shown to explain cosmic acceleration without dark
energy see[25, 26, 27, 28]. Conceptually, they generalize the hypothesis that
the Einstein-Hilbert action for the gravitational field is linear in the Ricci
scalar R, to an action that is some general function f(R) of this quantity.
In section 2 we give a review of the Wald method and we will obtain the
entropy formula for different BCs in higher curvature gravity. As an example
we consider f(R)-gravity and its special case GR. We show that although
the Noether current and Noether charge change under different BCs through
the GHY terms, BH entropy for an asymptotically flat solution turns out to
be the same for different BCs.
In section 3 we consider the semi-classical approximation method for
f(R)-gravity, where in addition to Dirichlet BCs, the entropy is computed
for Schwarzschild metric in flat background for Neumann BC and two types
of mixed BCs. Similar to the Wald method we will show, despite the fact
that GHY surface terms are different for different BCs, the entropy turns out
to be the same. We show how to reduce our results to the GR case.
In all of our manipulations, we follow a covariant approach for making
the variational principle well-defined. Then we compute the BH entropy by
using the ADM coordinate system. However, it is also possible to compute
the entropy without going to the ADM formulation. Latin indices are used
for space-time coordinates and Greek ones are denote the spatial coordinates.
2 Wald Entropy Under Different BCs
The Noether charge method employs the Lagrangian density to obtain the
entropy of a BH. The final result is [7]
S = −2π
∫
O
∂L
∂Rabcd
ǫˆabǫˆcdǫ¯, (2.1)
in which L is the Lagrangian density, ǫˆab is the bi-normal vector on the
bifurcation two-sphere O and ǫ¯ denotes the surface element.
It appears from (2.1) that only the Lagrangian density L is required to
obtain S; there is no need to make the action well-posed. In this section
we address the question of whether or not a well-posed action is required to
obtain (2.1). In other words, is it necessary to add appropriate GHY terms
before obtaining the BH entropy? We shall show that while we must render
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the action well-posed under certain BCs to obtain (2.1), changing BCs cannot
affect the final result.
Let us consider a higher derivative Lagrangian: L = L(Φ, ∂Φ, ∂2Φ, ...)
in which Φs are dynamical fields, including the metric. A higher order La-
grangian does not necessarily have a well-posed variational principle and also
a well-defined Hamiltonian structure. Therefore, if the Lagrangian is not de-
generate, we must decrease the order of derivatives via the Ostrogradsky
approach [21]. In this approach we decrease the order of derivatives by in-
creasing the number of degrees of freedom. We assume the Lagrangian L has
been made degenerate so that the action may be written as
A =
∫
ν
L−
∫
∂ν
l. (2.2)
where the additional surface terms in (2.2) are the GHY terms for a certain
BCs1. Also the boundary ∂ν may be seen as the union (−Σt1)
⋃
Σt2
⋃
Γ
where Σts denote the spacelike hyper-surfaces and Γ denotes a timelike hyper-
surface. In general, by varying the Lagrangian L with respect to the fields
Φ, we have
δL = EaδΦ
a + dθ(δΦ), (2.3)
in which θ depends on Φ,δΦ and their first derivatives. Varying the action
(2.2) and using above formula we obtain
δA =
∫
M
EaδΦ
a +
∫
∂M
(θ − δl). (2.4)
To obtain a well-defined variational principle, we select an appropriate BC
for which θ = δl and impose the least action principle, yielding the equations
of motion Ea = 0. One can introduce a Noether current associated with an
infinitesimal diffeomorphism and obtain the corresponding Noether charge
[7]. An infinitesimal variation of the total Lagrangian L′ = L− dl due to an
infinitesimal diffeomorphism generated by a vector field ξ yields
d(θ(δξΦ)− ξ · L′ − δξl) = −EaδξΦa, (2.5)
where we have used Cartan’s magic formula [9] and the relation
δξL = EaδξΦ
a + dθ(δξΦ). (2.6)
1We note that for some Lagrangians there is no need to add any GHY terms and so
l = 0. For example in an asymptotically flat space-time, under Neumann BCs in four
dimensions for GR and under a kind of mixed BC in D dimensions for f(R)-gravity, we
do not need any GHY terms to make the action of these theories well-defined [11].
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Imposing the equation of motion Ea = 0 in (2.5), we can introduce the
conserved current
J ′ξ = θ(δξΦ)− ξ · L′ − δξl, (2.7)
for which dJ ′ξ = 0. Locally this implies J
′
ξ = dQ
′[ξ] and the associated
conserved Noether charge can be obtained from this.
To obtain the entropy from this Noether charge we vary Eq.(2.7), impose
Ea = 0, and set θ = δl, obtaining
δJ ′ξ = δθ(δξΦ)− δξθ(δΦ) (2.8)
using (2.3), where we assumed δ commutes with δξ. We introduce the sym-
plectic current (n− 1)-form by anti-symmetrizing the variation of θ as
Ω(Φ, δΦ, δξΦ) = δθ(δξΦ)− δξθ(δΦ). (2.9)
Integrating Ω over the Cauchy surface gives
δHξ =
∫
Σt
Ω(Φ, δΦ, δξΦ) =
∫
Σt
δJ ′ξ (2.10)
where the left-hand side defines the variation of the Hamiltonian Hξ. Ac-
cording to Eqs.(2.8), (2.9) and (2.10) we have
Hξ =
∫
Σt
J ′ξ =
∫
∂Σt
Q′[ξ], (2.11)
using Stokes’ theorem. The variation of Hξ should vanish on-shell. Con-
sidering one side of the Cauchy surface boundary to be on the bifurcation
two-sphere and the other side to be at infinity, Eq.(2.11) gives∫
O
δQ′[ξ]−
∫
∞
δQ′[ξ] = 0. (2.12)
Now we want to obtain the BH entropy from this Noether charge. To do
so, first we rewrite Eq.(2.7) as
J ′ξ = Jξ − d(ξ · l), (2.13)
in which
Jξ = θ(δξΦ)− ξ · L (2.14)
is the Noether current due to the Lagrangian L. Replacing J ′ξ = dQ
′[ξ] in
Eq.(2.13) gives
Jξ = d(Q
′[ξ] + ξ · l). (2.15)
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According to Eq.(2.15) we have Jξ = dQ[ξ] in which Q[ξ] = Q
′[ξ] + ξ · l and
dJξ = 0.
Consider ξa = ta + Ω
(µ)
H φ
a
(µ) as a Killing vector where the Ω
(µ)
H ’s are the
various angular velocities of the horizon of a multiply rotating black hole.
Since the Killing vector vanishes on the bifurcation two-sphere, by inserting
Q′ in terms of Q in Eq.(2.12) we have
∫
O
δQ[ξ] =
∫
∞
δQ[ξ]− ξ · δl = δE − Ω(µ)H δJ(µ), (2.16)
in which the canonical energy E and angular momentum J can be defined
as [2]
E =
∫
∞
Q[t]− t · l, (2.17)
and
J(µ) = −
∫
∞
Q[φ(µ)] (2.18)
and we see that E , the ADM mass, depends on l, with the integral over the
Cauchy surface boundary at infinity. We have assumed that the space-time
is asymptotically flat, and so we can just consider Dirichlet BC; l will be
unique for this choice on the Cauchy surface boundary. Note that the term
δl.φ does not appear in Eq.(2.17) because φa is assumed to be tangent to
the Cauchy surface boundary at infinity. In fact when ξa is an asymptotic
rotation, we may choose the surface at infinity to be everywhere tangent to
φa, in which case the pullback of δl · φ to that surface vanishes (on shell we
have θ = δl) [3].
Finally comparing Eq.(2.16) with the second law of thermodynamics, we
can obtain the BH entropy as
S =
1
T
∫
O
Q[ξ] =
1
T
∫
O
Q′[ξ], (2.19)
where T = κ/2π is the Unruh temperature and κ = 2πT is the surface
gravity. Note that the term containing l, i.e.the GHY term, is not involved
in the BH entropy because on the bifurcation two-sphere O the Killing vector
ξa = 0. We see that although a particular BC may change the GHY term,
it does not modify the BH entropy. One can obtain Eq.(2.1) by using either
the first or the second equality in Eq.(2.19) [7].
Note that although (2.17) depends on l, the first law of thermodynamics
does not, since TδS
∫
O δQ[ξ] =
∫
∞ δQ[ξ]− ξ · δl = δE − Ω(µ)H δJ(µ).
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2.1 BH Entropy From Noether Charge in f(R)-gravity
To illustrate these ideas, consider the BH entropy for f(R)-gravity.
We first begin by substituting L = f(R)/16πG in Eq.(2.1) yields
S =
1
4G
∫
O
f ′(R)ǫ¯ (2.20)
where f ′(R) = ∂f(R)/∂R. For constant curvature R0, it is well-known in
f(R)-gravity that
R0f
′(R0)− 2f(R0) = 0 . (2.21)
For a Schwarzschild BH R0 = 0 implies f(0) = 0 in(2.21), whereas f
′(0) may
have any constant value. Therefore the BH entropy reads
S =
f ′(0)A
4G
, (2.22)
where A is the surface of the Schwarzschild BH horizon [20]. In GR f ′(R) = 1,
and so the BH entropy is S = A/4G, which is the well-known Bekenstein-
Hawking Formula [8].
More generally, Schwarzschild- (anti) de Sitter solutions emerge in f(R)-
gravity because of the action is non-linear in the Ricci scalar R [29, 30].
From (2.21) we see that the solution f(R0) =
f ′(R0)R0
2
where R0 = 4Λ is also
permitted. We shall consider this situation in appendix B.
To further clarify the fact that the BH entropy is independent of BC, we
shall now compute the BH entropy for f(R)-gravity without using Eq.(2.1).
First, we must make the Lagrangian of f(R)-gravity degenerate using Os-
trogradsky approach. To do so we introduce a scalar field φ and write the
action of f(R)-gravity as
Af =
∫
ν
d4x
√−gf(R) =
∫
ν
d4x
√−g(φR− V (φ)), (2.23)
where φ = f ′(R), V (φ) = R(φ)φ−f(R(φ)) and we have considered f ′′(R) 6= 0
[31, 32].
We know the Lagrangian of GR is degenerate through the following holo-
graphic relation [33]
√−gR = √−gLquad(g, ∂g) + ∂i(
√−gV i), (2.24)
where
Lquad = 1
4
Mabcdef∂agbc∂dgef ,
Mabcdef = gad(gbcgef − gbegcf) + 2gaf(gbegcd − gbcged), (2.25)
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and √−gV i = −gab∂(
√−gLquad)
∂(∂igab)
. (2.26)
Substituting Eq.(2.24) in Lagrangian of Eq.(2.23), we can find the degenerate
Lagrangian of f(R)-gravity as [11]
√−gf(R) = √−g
(
φLquad + ∂iφV i − V (φ)
)
+ ∂i(
√−gφV i). (2.27)
Taking the variation of Eq.(2.27) due to the infinitesimal coordinate trans-
formation xa → xa + ξa gives [34]
δξ(
√−g(φR− V (φ)) =(E.O.M.)abδξgab + (E.O.M.)φδξφ+
√−g∇a
(
∇b
(
φ(∇bξa −∇aξb) + 2ξb∂aφ− 2ξa∂bφ
)
− 2ξb∂b∂aφ+ 2ξb✷φ+ 2ξbφgadRbd
)
, (2.28)
where the equations of motions are
(E.O.M.)ab ≡ φGab −∇a∇bφ+∇c∇cφgab + V (φ)
2
gab = 0 (2.29)
and
(E.O.M.)φ ≡ ✷φ− 1
3
(
φ
dV (φ)
dφ
− 2V (φ)
)
= 0 (2.30)
in which Gab is the Einstein tensor and we have used the relations, δξφ =
ξa∂aφ, δξgab = ∇aξb + ∇bξa and ∇a∇bξi − ∇b∇aξi = Ricabξc. Comparing
Eq.(2.28) with Eq.(2.6) we can obtain θ(δξΦ); substituting this into (2.14)
yields
Ja = ∇b
(
φ(∇bξa −∇aξb) + 2ξb∂aφ− 2ξa∂bφ
)
. (2.31)
From Eq.(2.31) the Noether charge is
Qab = φ(∇bξa −∇aξb) + 2ξb∂aφ− 2ξa∂bφ (2.32)
which is anti-symmetric in the indices. Inserting Eq.(2.32) in Eq.(2.19) and
retaining the coefficient 16πG we can
S =
1
32πGT
∫
O
ǫ¯ǫˆab
(
φ(∇bξa −∇aξb) + 2ξb∂aφ− 2ξa∂bφ
)
=
f ′(0)A
4G
(2.33)
for the entropy for a Schwarzschild BH in f(R) gravity. In obtaining the
final result (2.33) we made use of the fact that ξa = 0, ∇aξb = κǫˆab and
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ǫˆabǫˆab = −2 on the bifurcation two-sphere O, and that for a Schwarzschild
BH with R = 0, φ = f ′(0) is constant.
Note that had we considered L′ instead of L, then the entropy would not
have changed. Since Q′[ξ] = Q[ξ] − ξ · l and the Killing vector ξ vanishes
on O, the entropy is unchanged by changing the BCs and the corresponding
GHY terms, though these may alter the Noether current and Noether charge.
Setting φ = 1 in the above calculations, we can easily extend our results to
GR. Recall that for GR in four dimensions under Neumann BC, one does not
need to include any GHY terms to make the variational principle well-defined.
For f(R)-gravity this happens in D dimensions under a special choice of
mixed BCs [11]. Therefore, for both cases, by substituting l = 0 in Eqs.(2.12)
and (2.13) we conclude for these BCs, in addition to the BH entropy, the
Noether current and conserved charge would not change. However for other
boundary conditions l 6= 0, so the Noether current and conserved charge
would change.
3 BH Entropy in Semi-Classical Approxima-
tion
As outlined in section 2 throughout the Wald approach the BH entropy is
independent of the BCs. Here we investigate whether or not the the semi-
classical approximation exhibits this as well.
As in the Wald approach, in the semi-classical approximation it is impor-
tant to have a well-defined variational principle [6]. The partition function
for an arbitrary gravitational model takes the form [4]
Z =
∫
[dg]e−A˜
∗
E ≃ e−A˜∗E , (3.34)
where A∗E = AE − AE0 in which AE is the Euclidean action and AE0 is
the corresponding background Euclidean action. The tilde symbol denotes
dividing by 16πG and taking the limit r →∞, or in other words
A˜∗E = limr→∞
A∗E
16πG
. (3.35)
9
We can compute the free energy, energy and entropy
F =
−1
β
lnZ = 1
β
A˜∗E,
E = F + β
∂F
∂β
,
S = β2
∂F
∂β
(3.36)
provided the action is well-defined.
As in section 2, in the following we want to make the variational principle
well-defined for f(R)-gravity and compute the entropy for different BCs. The
key point in calculating the entropy for asymptotically flat space-times, is
GHY terms [13, 14, 15, 16] – these are different for different BCs and they
depend on the space-time dimension [11]. Yet we expect on physical grounds
that entropy should the same for all of them, since the black hole is a local
object. To solve this apparent inconsistency, let us continue with the f(R)-
gravity action.
First we want to investigate the structure of f(R)-gravity action. Substi-
tuting Eq.(2.24) into the action (2.23) and taking variation gives [11]
δAf =
∫
ν
d4x{(E.O.M.)φδφ+ (E.O.M.)abδgab}+
∫
−Σt1+Σt2
d3yP¯φδφ
+
3
2
∫
−Σt1+Σt2
d3y
√−g∂0φgabδgab + 3
2
∫
Γ
d3z
√−g∂rφgabδgab
+
∫
Γ
d3zρ¯φδφ−
∫
−Σt1+Σt2
d3ygabδP¯
ab −
∫
Γ
d3zgabδρ¯
ab
+ 3
∫
−Σt1+Σt2
d3y
√−gδ(∂0φ) + 3
∫
Γ
d3z
√−gδ(∂1φ), (3.37)
where the various surfaces are defined in (2.2), and
P¯ ab =
δAf
δ(∂0gab)
= φP ab +
3
2
√−g(g0igab − 2gibg0a)∂iφ,
P¯φ =
δAf
δ(∂0φ)
= gabP
ab = P,
ρ¯ab =
δAf
δ(∂1gab)
= φρab +
3
2
√−g(g1igab − 2gibg1a)∂iφ,
ρ¯φ =
δAf
δ(∂1φ)
= gabρ
ab = ρ. (3.38)
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in which P¯ ab, P¯φ are the canonical momenta of gab, φ in f(R)-gravity and
P ab is the canonical momenta of gab in GR [11]. Note also
gabP
ab = gab
∂(
√−gLquad)
∂(∂0gab)
=
1√−g∂a(gg
0a),
gabρ
ab = gab
∂(
√−gLquad)
∂(∂1gab)
=
1√−g∂a(gg
1a), (3.39)
where 1 denotes the component r and here we have used the notation P¯ ab,
etc. to distinguish the quantities from the GR case. In what follows we will
consider different kinds of BCs.
3.1 Different Kind of Boundary conditions
3.1.1 Dirichlet BC
Under Dirichlet BC δφ|Σt1 ,Σt2 ,Γ= δgab|Σt1 ,Σt2 ,Γ= 0 and the four first terms
of (3.37) vanish. For asymptotically flat space-times gab → ηab and φ →
constant as r → ∞. Eqs.(3.38) and (3.39) imply that we can omit the
surface integral terms on the hyper-surface Γ in (3.37).
We therefore redefine the action by adding the following GHY terms
Af(D) = Af +AGHYf(D) =
∫
ν
d4x
√−gf(R) +
∫
−Σt1+Σt2
d3ygabP¯
ab
− 3
∫
−Σt1+Σt2
d3y
√−g∂0φ (3.40)
so that Af(D) is well-defined at r →∞. The GHY terms in Eq.(3.40) are the
well-known GHY terms in the ADM method, since inserting the expression
[11]
gabP
ab =
√−g[−2Kn0 + ∂αN
α
N
], (3.41)
in the surface terms of Eq.(3.40) and substituting φ = f ′(R) leads to
AGHYf(D) =
∫
−Σt1+Σt2
d3y
√
hf ′(R)K +
∫
−Σt1+Σt2
d3yf ′(R)
∂αN
α
N
, (3.42)
where h and K are the trace of the induced metric and the extrinsic curvature;
n0 denotes the component t of normal vector n to Σt and the lapse and
shift functions are denoted by N and Nµ respectively. Note that terms
containing variations of N and Nα on the Σt1 and Σt2 vanish under Dirichlet
(i.e. δhab|Boundary = δNµ|Boundary = δN |Boundary = 0).
11
We now turn back to the relation (3.40) to calculate the entropy for the
f(R)-gravity action. For the special case of a Schwarzchild BH, we compare
the value of the Euclidean action for the perturbed system to that of the flat
background space-time. Replacing t → iτ in the Schwarzschild metric we
have
dS2E = (1−
2GM
r
)dτ 2 + (1− 2GM
r
)−1dr2 + r2dΩ2, (3.43)
in which the parameter τ is periodic as τ = τ + β; β = 8πGM . The period
of τ is obtained from the Unruh temperature formula β = 2π/κ and for the
Schwarzschild metric κ = 1
4GM
[9]. The value of the Euclidean action (3.40)
vanishes for both the Schwarzschild metric and the background flat metric2.
So according to the relation (3.35), A˜∗E is zero. The origin of this strange
result comes from inappropriately discarding the surface integral terms as-
sociated with Γ in (3.37), implying that we are not allowed to use (3.40)
to obtain the BH entropy. To obtain the value of the Euclidean action for
Schwarzschild BH in the region 2GM < r < ∞, we must render the action
well-defined in the region of large but finite r. In this case the surface inte-
gral terms associated with Γ in Eq.(3.37) do not vanish, and we consider the
action
Af(R)(D) = Af(R) +AGHYf(R)(D) =
∫
ν
d4x
√−gf(R) +
∫
−Σt1+Σt2
d3ygabP¯
ab
− 3
∫
−Σt1+Σt2
d3y
√−g∂0φ+
∫
Γ
d3zgabρ¯
ab − 3
∫
Γ
d3z
√−g∂1φ. (3.44)
Similar to Eq.(3.41) we can show
gabρ
ab =
√−g[−2Kr1 + ∂αN
α
N
], (3.45)
in which r1 denotes the component r of normal vector rn to Γ. Hence, in the
framework of ADM formulation, using Eqs.(3.38), (3.41) and (3.45), we can
rewrite the GHY terms in the Eq.(3.44) as follows
AGHYf(R)(D) =
∫
−Σt1+Σt2
d3y
√
hf ′(R)K +
∫
Γ
d3z
√
γf ′(R)K, (3.46)
where γ is the determinant of the induced metric and K is the extrinsic
curvature on Γ. In Eq.(3.46) it is assumed that we are in a coordinate frame
2The bulk contribution for both metrics vanishes, because for R = 0 as we reveal
in Eq.(2.22) we have f(0) = 0 and f ′(0) = constant. Also since φ = f ′(0), we have
∂0φ = ∂1φ = 0. Therefore, for both metrics the surface terms on Σt1 and Σt2 vanish
following (3.38) and (3.39).
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whereNα = 0 andN = 1 on the boundary Γ; this assumption is not necessary
but simplifies the equations. This GHY term makes the action well-defined
either at finite r on Γ or for r →∞.
In order to calculate BH entropy we consider the Schwarzschild BH as
a solution for f(R)-gravity and the flat metric as the background. Since
R = 0 for both cases, the bulk terms in Eq.(3.44) vanish. Also remember
φ = f ′(0) = constant; so we have ∂0φ = ∂1φ = 0. Therefore, the contribution
of surface terms on −Σt1 + Σt2 and the last term in Eq.(3.44) will vanish.
Hence, the only term which gives entropy is the following∫
Γ
d3zφgabρ
ab, (3.47)
where using Eq.(3.38), ρ¯ab is changed to φρab due to constancy of φ. Consid-
ering φ = f ′(0), after some algebra (see Appendix A) we have, using (3.43)
A˜∗E = limr→∞
A∗E
16πG
=
f ′(0)β2
16πG
, (3.48)
which gives finally
F =
βf ′(0)
16πG
, E =
f ′(0)β
8πG
= f ′(0)M, S =
β2
16πG
=
f ′(0)A
4G
,
(3.49)
using (3.36) and the expression for β, where A = 4π(2GM)2. This coincides
with the known result of Wald method.
Our results to the GR case by replacing φ = 1 and V (φ) = 0 in all
calculations. Then the Schwarzschild BH entropy S = A/4G is obtained for
Dirichlet BC.
3.1.2 Neumann BC
Consider the Neumann BC δP¯ ab|Σt1 ,Σt2= δP¯φ|Σt1 ,Σt2= 0. Moreover, for asymp-
totically flat space-time on the boundary Γ we need only consider the Dirich-
let BC δgab|Γ= δφ|Γ= 0. Fortunately this is consistent3 with the Neumann
BCs. Hence, using the key Eq.(3.37), we should add the following GHY term
to the action [11]
Af(N) = Af +AGHYf(N) =
∫
ν
d4x
√−gf(R)−
∫
−Σt1+Σt2
d3yP¯φφ
− 3
∫
−Σt1+Σt2
d3y
√−g∂0φ+
∫
Γ
d3zgabρ¯
ab − 3
∫
Γ
d3z
√−g∂1φ. (3.50)
3We know the hyper-surfaces Σt intersect Γ orthogonally. Thus ran
a = 0 and the BCs
on Σt and Γ are independent.
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In comparing the Schwarzschild BH with the flat background metric, similar
reasons as given in Dirichlet case indicate that the bulk term, the integrals
on −Σt1 + Σt2 and the terms containing ∂0φ and ∂1φ do not contribute to
the entropy. The remaining term of Af(N) is once again
∫
Γ d
3zφgabρ
ab, using
(3.38), and this yields the same entropy as obtained for Dirichlet BC in
Eq.(3.49).
3.1.3 Mixed BC
It has been shown [11] that f(R)-gravity may also be described consistently
by two distinct types of BCs
i) δP¯ ab|Σt1 ,Σt2= δφ|Σt1 ,Σt2= 0, δφ|Γ= δgab|Γ= 0
ii) δP¯φ|Σt1 ,Σt2= δgab|Σt1 ,Σt2= 0 , δφ|Γ= δgab|Γ= 0
Each kind of the above BCs requires its own GHY terms. Hence, the
action corresponding to the above BCs read respectively as
Af(M1) = Af +AGHYf(M1) =
∫
ν
d4x
√−gf(R)− 3
∫
−Σt1+Σt2
d3y
√−g∂0φ
+
∫
Γ
d3zgabρ¯
ab − 3
∫
Γ
d3z
√−g∂1φ, (3.51)
Af(M2) = Af(R) +AGHYf(M2) =
∫
ν
d4x
√−gf(R) +
∫
Γ
d3zgabρ¯
ab
− 3
∫
Γ
d3z
√−g∂1φ. (3.52)
Due to similar reasons as mentioned for the Dirichlet and Neumann cases
none of the terms make any contribution to the BH entropy except for the
term given in Eq.(3.47). So the thermodynamic quantities are be the same
as derived in Eq.(3.49).
As is observed, for asymptotically flat solutions of f(R)-gravity, regardless
of the kind of BCs, i.e. Dirichlet, Neumann or mixed, the term responsible
to give the numerical value of the action is the same. Therefore, the physical
quantities corresponding to a BH solution would be the same.
Note that in order to obtain the equations of motion via the second mixed
BC, we need not add GHY terms to the action for an asymptotically flat
space-time in arbitrary dimension [11]; indeed the equations of motion are
insensitive to the choice of boundary terms. One might think that since the
terms on the lateral boundary Γ vanish at special infinity r → ∞ (for an
asymptotically flat space-time) that they can be discarded, but in fact this
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is not the case. These terms at finite r are essential for computing the BH
entropy, and should be incorporated in the f(R)-gravity action. Including
such terms renders the action well-defined at finite r.
For GR, i.e. φ = 1 and V (φ) = 0 the first mixed BC reduces to the
Neumann BC δP ab|Σt1 ,Σt2= 0, δgab|Γ= 0, Hence, the appropriate GHY term
is
AGHYGR(N) =
∫
Γ
d3zgabρ
ab. (3.53)
As noticed above to attain the equations of motion for asymptotically flat
space-time4 we need not to add this GHY term to the action [11, 12], however,
for calculation BH entropy adding this term is essential. Then by repeating
similar calculations as before we find the same result for A˜∗E under Dirichlet
BC in GR. In this way, the partition function, Helmholtz free energy, energy
and entropy have the same value regardless of the kind of BC, i.e. Neumann
or Dirichlet in GR.
4 Conclusion
In this paper, we computed the BH entropy, in the framework of Wald method
and Euclidean semi-classical approximation via different BCs in higher curva-
ture gravity such as f(R)-gravity and special case GR [1, 2, 3, 4, 5, 6]. In the
Wald method, at first we considered a well-defined gravitational action under
arbitrary BCs. We showed that although the definition of Noether current
and Noether charge can alter under different BCs through the appropriate
GHY terms, the entropy of a black hole does not change. Consequently the
Wald formula can be employed to compute BH entropy from the Lagrangian
density under different BCs [6, 7]. As an example we demonstrated this for
f(R)-gravity and GR.
In Euclidean semi-classical approximation the BH entropy may be ob-
tained for different kinds of BCs and GHY terms. However, we showed for
asymptotically flat BH solutions such as Schwarzschild, the main term that
is responsible for giving the difference of the value of the action relative to
the background solution is the same for all cases, regardless of the particular
kind of BCs. In fact, decomposing the space-time boundary into one time-
like Γ and two space-like Σt hyper-surfaces, one can see that the integral over
Γ has no role in making the action principle well-defined for asymptotically
4For asymptotically flat space-time we have gab = ηab at the limit r → ∞. Hence,
using Eqs.(3.38) and (3.39) by considering φ = 1 for GR, the surface integral terms on Γ
disappear.
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flat metrics [11] when the boundary is taken to be spatial infinity. However if
we require that the variational principle be well-posed quasi-locally (at finite
r) then we should retain the boundary terms on the lateral boundary Γ. This
yields the BH entropy, and the integral over Γ is exactly the term that gives
non trivial contributions for different BCs. Taking this point into account,
we showed that in f(R)-gravity, under Dirichlet, Neumann and two types of
mixed BCs and also in GR, under Dirichlet and Neumann BCs, the entropy
does not change and is the same as we obtained in the Wald method.
It is straightforward to extend our considerations to asymptotically AdS
space-times in f(R)-gravity (see Appendix B). The interesting point is that
in this case the bulk term yields the BH entropy and the GHY terms make
no contribution. In considering an AdS metric as the background, needs
to change the ensemble from canonical (for the case of flat background) to
isothermal-isobaric.
For simplicity and clarity, we considered the problem for the Schwarzschild
metric in the flat background in D = 4. Our method is straightforwardly
generalizable to arbitrary dimensions and different types of asymptotically
flat BH solutions. For example, in the semi-classical approximation in each
case we just need to compute
−2
∫
Γ
dD−1z
√
γ(K −K0)
for GR and
−2
∫
Γ
dD−1z
√
γf ′(R)(K −K0)
for f(R)-gravity in D dimensions.
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A Numerical Values of Euclidean Action
As we mentioned the term that gives us BH entropy in f(R)-gravity is
Eq.(3.47). Using Eq.(3.45) we can express this term in terms of ADM vari-
able and also we can assume a coordinate frame where Nα = 0 and N = 1 on
16
the boundary Γ. Since for background metric and Schwarzschild BH R = 0
and substituting φ = f ′(0) = constant, finally we have
A∗E = AE −AE0 = −2f ′(0)
( ∫
Γ
d3z
√
γK −
∫
Γ
d3z
√
γ0K0
)
. (A.1)
By means of Eq.(3.43), the reduced metric for BH and in γab background is
as follows
dS2Γ = (1−
2GM
r
)dτ 2 + r2dΩ2, (A.2)
and
dS2Γ0 = dτ
2 + r2dΩ2, (A.3)
where their rotational parts are the same. In order to make the boundary
unified for two metrics, we should match length of the circle of Euclidean
time, i.e. [14] ∫ β
0
dτ
√
γ =
∫ β0
0
dτ
√
γ0. (A.4)
Then β0 =
√
1− 2GM/rβ. Also √γ = r2 sin θ
√
1− 2GM/r and √γ0 =
r2 sin θ and we have
K = Kabγab = GM
r2
1√
1− 2GM/r
+
2
r
√
1− 2GM/r, (A.5)
and
K0 = 2
r
, (A.6)
and d3z = dτdθdφ. Then we have
∫
Γ
d3z
√
γK =
∫ 8piGM
0
dτ
∫ 2pi
0
dφ
∫ pi
0
dθ sin θ(2r − 3GM) = 4πβ(2r − 3GM).
(A.7)
In order to compute the term consisting K0 for the asymptotic flat space-time∫
Γ
d3z
√
γ0K0 = 8πβr
√
(1− 2GM/r). (A.8)
Adding up our results in Eqs.(A.1), (A.7) and (A.8) and letting r →∞ and
inserting the factor 1/16πG we have
A˜∗E = limr→∞
A∗E
16πG
= −f
′(0)
8πG
lim
r→∞
∫
Γ
d3z
√
γ(K −K0) = f
′(0)β2
16πG
. (A.9)
using (3.43).
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B Asymptotically AdS space-times
We want to show for an asymptotic AdS space-time, unlike asymptotic flat
spaces, the term that gives the entropy is not the GHY term, but is a bulk
term. To see this point, consider the Euclidean Schwarzschild AdS solution
of f(R)-gravity as
dS2E = (1−
2GM
r
+
r2
b2
)dτ 2 + (1− 2GM
r
+
r2
b2
)−1dr2 + r2dΩ2, (B.1)
where Λ = −3/b2 and τ = τ + β while β = 4πb2r+/(b2 + 3r2+) in which r+ is
radius the event horizon defined as 2GM = r+(r
2
+ + b
2)/b2.
The background metric is achieved by assuming M = 0, which is the
ordinary AdS metric as
dS2E0 = (1 +
r2
b2
)dτ 2 + (1 +
r2
b2
)−1dr2 + r2dΩ2, (B.2)
where τ = τ + β0 and from the matching condition∫ β
0
dτ
√
γ =
∫ β0
0
dτ
√
γ0, (B.3)
the periods are related via
β0 =
√
1− 2Mb
2
b2r + r3
β. (B.4)
Consider an AdS Schwarzschild BH and an AdS background, both having
the same curvature scale R0. It might seem that the bulk terms cancel as
usual and the entropy comes out from the GHY term, but this is not the
case. Let us first calculate the contribution of the GHY term for this model.
We learned in the previous discussion that the regardless of the choice of BC,
the following expression contributes to the quantity A∗E as
A∗E = AE −AE0 = −2f ′(R0)(
∫
Γ
d3z
√
γK −
∫
Γ
d3z
√
γ0K0), (B.5)
where we have used the fact that f ′(R0) is constant. Using Eqs.(B.1) and
(B.2) we have at fixed large r
A∗E =− 2f ′(R0)
{∫ β
0
dτ
∫ 2pi
0
dφ
∫ pi
0
sin θdθ(2r − 3GM + 3r
3
b2
)
−
∫ β0
0
dτ
∫ 2pi
0
dφ
∫ pi
0
sin θdθ(2r +
3r3
b2
)
}
=− 8πβf ′(R0)(2r − 3GM + 3r
3
b2
−
√
1− 2Mb
2
b2r + r3
(2r +
3r3
b2
)). (B.6)
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Taking the limit r → r∞ we find
A˜∗E(GHY ) = lim
r→r∞
A∗E
16πG
= 0. (B.7)
Hence, unlike asymptotically flat spaces, the GHY term does not contribute
in BH entropy. Hence the well-posed action of f(R)-gravity reduces to a vol-
ume integral
∫
ν d
4x
√−gf(R). The important point is although the integrand
of the bulk term is the same for the BH and background, the measures are
not the same. This is because the periods β and β0 differ and integration
range on r also differs if it is up to some cutoff value at fixed large r. We
obtain
A∗E = AE −AE0 = f(R0){
∫ β
0
dτ
∫ r
r+
r2dr
∫ 2pi
0
sin θdθ
−
∫ β0
0
dτ
∫ r
0
r2dr
∫ 2pi
0
sin θdθ}
=
4πβ
3
f(R0)(r
3 − r3+ −
√
1− 2GMb
2
b2r + r3
r3). (B.8)
Using equation of motion, we have f(R0) =
f ′(R0)R0
2
where R0 = 4Λ. So
A˜∗E =
f ′(R0)β
2b2G
(r3+ −GMb2). (B.9)
upon dividing by 16πG.
We can express the free energy in terms of r+ is
F =
1
β
A˜∗E =
f ′(R0)
4b2G
(r3+ − br+). (B.10)
This result is different from that of free energy in GR and f(R)-gravity.
However, note that the free energy may be either Helmholtz or Gibbs free
energy. In the above considerations we inserted the cosmological constant
by considering the AdS as the background metric. As is well-known the
cosmological constant introduces a constant pressure as [35]
P = − Λ
8πG
. (B.11)
When we consider a flat background metric at constant temperature and vol-
ume, the partition function would give us the Helmholtz free energy F (T, V )
and we are in the canonical ensemble. However, in our calculations concern-
ing the AdS Schwarzschild BH we have somehow constant temperature and
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pressure, instead. This conditions resembles the isothermal-isobaric condi-
tions and the partition function would give us the Gibbs free energy G(T, P )
[36]. Hence, the free energy F in the Eq.(B.10) is the Gibbs free energy and
the entropy comes out as
S = β2
∂G
∂β
=
f ′(R0)A
4G
, (B.12)
where A = 4πr2+ is the area of the horizon. Also using the Legendre trans-
formation G = H − TS the total enthalpy reads
H = G + TS = f ′(R0)M. (B.13)
As we see the type of thermodynamical ensemble may differ for different
metrics, i.e. canonical ensemble for the flat background and isothermal-
isobaric ensemble for AdS background.
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